(1) f w(x)f(x) dx = £, Wkf(xk) 4-E J-X i~l where the weights and abscissas are chosen to ensure a degree of precision 2m -1 (i.e., exactness for all polynomials of degree not exceeding 2m -1).
One method of determining the abscissas xk involves obtaining a set of polynomials, <h., fa, fa , • • • , such that each is orthogonal to all polynomials of inferior degree relative to the weight function w(x) over the interval ( -1, 1) . That is, for the mth-degree polynomial <pm(x), From the theory as given in [1], the weight corresponding to the abscissas Xk for the A/-point formula is
When the weight function w(x) is of constant sign, (7) reduces to
where AN is the coefficient of xN in <py and (9) Tjv = AK I wix)x*<pNix) dx .
The error function for the iV-point formula can be expressed as
where the Xi are the zeros of </>.v . The expression (10) reduces in the case when w(x) is of constant sign to
where fix) is assumed to have 2AT continuous derivatives in ( -1, 1) and n is some value in that interval. When wix) = x'n, the procedure outlined above can be employed to obtain the following
**ix) = çf* [(2« + 7)(2n 4-5)x4 -2(2n + 5)(2n + 3)z2 + (2n + 3)(2n 4-1)] **(*) = ¿i [(2n + 9)(2n + 7^5 -2(2n + 7)(2n + 5)*' + <2n + 5)<2n + »A From these, the forms
.^W-fl+1
(m = 2tf+l)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use can be deduced [2] by an inductive procedure and shown to satisfy the desired properties (2) and (6). Since the weight function is of constant sign in the interval ( -1, 1), a known theorem [1, page 171-2] states that the zeros of the oolvnomials are all real, distinct, and lie in the interval ( -1, 1).
To display the formulas for the weights and error, the values An and y h must be obtained. From (12) and (13) When wix) = x2n+\ it is found [2] that the formulas for an odd number of abscissas do not exist, but that the polynomials of even degree satisfying properties (2) and (6) do exist, and have the form (16) 8iAx) = ^L-g^V)(-l)"n[2» 4-2(AT -i) + 2j 4-l)x*™.
Since xd2Nix) = fyy+iix), the zeros of 62s are all real and distinct and lie in the interval ( -1, 1), and, in fact, are the zeros of $2l,+x when the zero x = 0 is suppressed.
The weights for the 2Ar-point formula involve the polynomial *5jr+i in the following manner i r c, where the -4's and 7's refer to the polynomial $ and are given by (14) and (15). After the substitution of (14) and (15), (17) dx.
Since A'ix) is negative for x < 0 and positive for x > 0 and -4(±1) = 0, it follows that Aix) is of constant sign in ( -1, 1) and hence
where fix) is assumed to have 4iV 4-1 continuous derivatives in ( -1, 1). The function K2s+x is the monic polynomial consisting of the linear factors of $itf+x and therefore (18) 3.8 x 10-4 1.5 X 10-4 7.5 X 10-5 4.2 X 10-5 2.6 X 10-5 1.7 X 10-6 8.1 x 10-9 2.8 X 10-9 1.1 X 10-9 5.5 X 10-10 2.9 X 10-10 1.6 x 10-10
